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Some results on a question of M. Newman on
isomorphic subgroups of solvable groups
Heguo Liu1, Xingzhong Xu1 , Jiping Zhang2
Abstract. In this paper, we focus on a question of M. Newman on isomorphic subgroups of
solvable groups. We get a reduction theorem of this question: for each prime q, assume that this
question holds for every characteristic q-groups, then this question holds for every finite solvable
groups. Using this reduction theorem, we get some partial answers about this question.
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1 Introduction
Recently, G. Glauberman, I.M. Isaacs and G.R. Robinson’s works [15, 13] focus on
a question which posted by Moshe Newman who asked the following:
Question 1.1. [15, 13] Whether can it ever happen that a finite solvable group G has
isomorphic subgroup H and K, where H is maximal and K is not?
In 2015, I.M. Isaacs and G.R. Robinson have done some partial results as follows.
Theorem 1.2. [15, Theorem A, Theorem B] Let H be a maximal subgroup of a solvable
group G, and suppose that K ≤ G and K ∼= H. If H has a Sylow tower, or a Sylow
2-subgroup of H is abelian, then K is maximal in G.
And recently, G. Glauberman and G.R. Robinson get some partial results about the
structure of G when there exists a negative answer of Question 1.1.
Theorem 1.3. [13, Theorem A] Let H be a maximal subgroup of the finite solvable
group G and suppose that |G : H| = pa where p is a prime and a is a positive integer.
Let K be a subgroup of G which is isomorphic to H. Suppose that K is not maximal in
G. Then p ≤ 3, and, for q = 5− p, we have
Oq′(H) = Oq′(G) = Oq′(K)
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2and, for G∗ = G/Oq′(G), etc., H
∗ and K∗ are isomorphic subgroups of G∗ with H∗
maximal and K∗ not maximal.
The above result use the remarkable theorem of G. Glauberman(see [12, 17]). And
it tells us that Question 1.1 is ture when p ≥ 5 where |G : H| = pa for some positive
integer a. So we will only need to discuss this question in cases that p ≤ 3.
Depending on some results of the above authors’ works, we find that a class of finite
groups is important for Question 1.1. This class of finite groups is of characteristic l.
Here, l is a prime number. Recall that a finite group G is said to be of characteristic l
if CG(Ol(G)) ≤ Ol(G). We have a reduction theorem for Question 1.1 as follows.
Theorem A. For each prime q, assume that Question 1.1 holds for every characteristic
q-groups G. Then Question 1.1 holds for every finite solvable groups.
If G is of characteristic q, then we have CG(Oq(G)) ≤ Oq(G). So, we can find that
AutG(Oq(G)) = NG(Oq(G))/CG(Oq(G)) = G/Z(Oq(G)).
We can find some information of G from the Aut(Oq(G)). Especially, it becomes useful
when Oq(G) is small or abelian.
Theorem 1.4. Let G be a finite solvable group and G has isomorphic subgroup H and
K. Let H is maximal subgroup of G, we can set |G : H| = pn. Let p ≤ 3 and q = 5− p.
Let Q ∈ Sylq(H). If |G|q ≤ q
4, then K is also maximal.
Recall that if G is a p-soluble group, the p-length lp(G) is the number of factors of
the lower p-series of G that are p-groups(see [14, p.227]).
Theorem 1.5. Let G be a finite solvable group and G has isomorphic subgroup H and
K. Let H is maximal subgroup of G. If lp(G) ≤ 1, then K is also maximal.
In the other opinion, a model of a constrained fusion systems is also of characteristic q
for some prime number q. By Theorem A, we can get the following theorem.
Theorem B. Let G be a finite solvable group and G has isomorphic subgroup H and
K. Let H is maximal subgroup of G, we can set |G : H| = pn. Let p ≤ 3 and q = 5− p.
Let Q ∈ Sylq(H). If FQ(H)✂ FQ(G), then K is also maximal.
Structure of the paper : After recalling preliminary results, we give proofs of Theo-
rem A, Theorem 1.4 and 1.5 in Section 2. And in Section 3, we give a proof of Theorem
B.
2 Preliminary results, and proofs of Theorem A, Theorem
1.4 and 1.5
The following lemmas are very useful to get the proof of Theorem A.
3Lemma 2.1. [15, Lemma 2] Let G be a solvable group and H ≤ G, where |G : H| is
power of a prime p. Then Op(G) ∩H = Op(H).
Lemma 2.2. [15, Theorem 3] Let H be a maximal subgroup of a solvable group G with
index a power of the prime p, and suppose that K ≤ G and K ∼= H. If Op(G)  H,
then K is maximal in G.
Theorem 2.3. [13, Theorem A] Let H be a maximal subgroup of the finite solvable
group G and suppose that |G : H| = pa where p is a prime and a is a positive integer.
Let K be a subgroup of G which is isomorphic to H. Suppose that K is not maximal in
G. Then p ≤ 3, and, for q = 5− p, we have
Oq′(H) = Oq′(G) = Oq′(K)
and, for G∗ = G/Oq′(G), etc., H
∗ and K∗ are isomorphic subgroups of G∗ with H∗
maximal and K∗ not maximal.
Theorem 2.4. [13, Theorem B] Let H be a maximal subgroup of the finite solvable
group G and suppose that |G : H| = pa where p ≤ 3 is a prime and a is a positive
integer. Let K be a subgroup of G which is isomorphic to H. Suppose that K is not
maximal in G and that F (H), F (K) and F (G) are all q-groups, where q = 5− p. Let Q
be a Sylow q-subgroup of H. Then G has a homomorphic image G∗ such that H∗ and K∗
(the respective images of H and K) are isomorphic subgroups of G∗ with H∗ maximal
and K∗ not maximal, and with F (G∗), F (H∗) and F (K∗) all q-groups. Furthermore,
O{2,3}(K
∗) involves Qd(q) and no non-identity characteristic subgroup of Q∗ is normal
in H∗.
Remark 2.5. By above two theorems, we can find that Question 1.1 holds when p ≥ 5.
So we will only need to consider the cases when p ≤ 3. Here, p is a prime satisfied that
|G : H| = pa where a is a positive integer.
Now, we will prove Theorem A as follows. This can be seem as a corollary of [13,
Theorem A] and [13, Theorem B].
Theorem A. For each prime q, assume that Question 1.1 holds for every characteristic
q-groups G. Then Question 1.1 holds for every finite solvable groups.
Proof. Suppose that (G,H,K) is a counterexample. Since H is maximal in a solvable
group G, we can set |G : H| = pn for some prime p and positive integer n.
Case 1. Op(G) 6= 1. By [15, Theorem 3], we have Op(G) ≤ H. By [15, Lemma 2],
we have
Op(G) = Op(G) ∩H = Op(H), Op(G) ∩K = Op(K).
Since H ∼= K, we have Op(H) ∼= Op(K). Hence, Op(G) ≤ K. Now, we focus on
(G/Op(G),H/Op(G),K/Op(G)), we can see that K/Op(G) is maximal in G/Op(G) be-
cause (G,H,K) is a counterexample. So K is maximal in G. That is a contradiction.
Case 2. Op(G) = 1. First, since G is solvable, we have Op′(G) 6= 1.
4By [13, Theorem A], we can see that Oq′(G) = 1 because (G,H,K) is a counterexam-
ple. So the Fitting subgroup F (G) = Oq(G) and Oq(G) 6= 1 because Op′(G) 6= 1. Since
CG(F (G)) ≤ F (G), we haveCG(Oq(G)) ≤ Oq(G). It implies G is of characteristic q-
group. But by the assumption, we know that Question 1.1 holds for every characteristic
q-groups G. Hence, that is a contradiction.
So, we complete the proof.
Now, we will prove Theorem 1.4 as follows.
Theorem 2.6. Let G be a finite solvable group and G has isomorphic subgroup H and
K. Let H is maximal subgroup of G, we can set |G : H| = pn. Let p ≤ 3 and q = 5− p.
Let Q ∈ Sylq(H). If |G|q ≤ q
4, then K is also maximal.
Proof. Suppose that (G,H,K) is a counterexample. Since H is maximal in a solvable
group G, we can set |G : H| = pn for some prime p and positive integer n.
Case 1. Op(G) 6= 1. By [15, Theorem 3], we have Op(G) ≤ H. By [15, Lemma 2],
we have
Op(G) = Op(G) ∩H = Op(H), Op(G) ∩K = Op(K).
Since H ∼= K, we have Op(H) ∼= Op(K). Hence, Op(G) ≤ K.
Now, we focus on (G/Op(G),H/Op(G),K/Op(G)). Since H/Op(G) ∼= K/Op(G) and
|G/Op(G)|q = |G|q ≤ q
4, we can see that K/Op(G) is maximal in G/Op(G) because
(G,H,K) is a counterexample. So K is maximal in G. That is a contradiction.
Case 2. Op(G) = 1. First, since G is solvable, we have Op′(G) 6= 1.
By [13, Theorem A], we can see that Oq′(G) = 1 because (G,H,K) is a coun-
terexample. So F (G) = Oq(G) and Oq(G) 6= 1 because Op′(G) 6= 1. Here, we have
CG(Oq(G)) ≤ Oq(G). Since |G : H| = p
n, we have Oq(G) ≤ H. Similarly, Oq(G) ≤ K.
By the assumption |G|q ≤ q
4, we can discuss as follows.
Case 2.1. |Oq(G)| = q
4. Since H ∼= K, we can set an isomorphic map α :
K → H. So α set Oq(G) to α(Oq(G)). Here, α(Oq(G)) ≤ H,Oq(G) ≤ H. Hence
α(Oq(G))Oq(G) = Oq(G) because |G|q ≤ q
4. So α(Oq(G)) = Oq(G). Then we can
consider (G/Oq(G),H/Oq(G),K/Oq(G)). Since H/Oq(G) = H/α(Oq(G) ∼= K/Oq(G),
we have K/Oq(G) is maximal in G/Oq(G) because (G,H,K) is a counterexample. So
K is maximal in G. That is a contradiction.
Case 2.2. |Oq(G)| = q
3. Since H ∼= K, we can set an isomorphic map α : K → H.
So Oq(G) is sent to α(Oq(G)) by map α. If α(Oq(G)) = Oq(G), then we can consider
(G/Oq(G),H/Oq(G),K/Oq(G)). Since H/Oq(G) = H/α(Oq(G)) ∼= K/Oq(G), we have
K/Oq(G) is maximal in G/Oq(G) because (G,H,K) is a counterexample. So K is
maximal in G. That is a contradiction. Hence, α(Oq(G)) 6= Oq(G), we have
α(Oq(G))Oq(G)  Oq(G).
Since |Oq(G)| = q
3 and |G|q ≤ q
4, we have α(Oq(G))Oq(G) ∈ Sylq(G). Set Q :=
α(Oq(G))Oq(G), we have α
−1(Q) ∈ Sylq(G). There exists g ∈ G such that Q = α
−1(Q)g.
5Now we can consider (G,H,Kg). We have Q = α−1(Q)g ≤ Kg. So Q is sent to Q by
morphism
Kg
c
g−1
// K
α
// H .
Since Q✂H, we have Q✂Kg. If Kg ≤ H, we can see that Kg is maximal in G. That is
a contradiction. Hence, Kg  H. So Q✂G. Now, we can consider (G/Q,H/Q,Kg/Q).
Since
Kg/Q ∼= K/α−1(Q) ∼= H/Q,
we have Kg is maximal in G. That is contradiction.
Case 2.3. |Oq(G)| ≤ q
2. By similar reason of the above case, we can set α(Oq(G)) 6=
Oq(G) and 1 6= α(Oq(G)) ∩ Oq(G)  Oq(G). Set N1 = α(Oq(G)) ∩ Oq(G) and N2 =
α(N1) ∩ Oq(G). It is easy to see that N2 ≤ N1. Since |Oq(G)| ≤ q
2, we have either
N2 = 1 or N2 = N1.
If N2 = N1, we have N1 = N2 = α(N1) ∩ Oq(G). So N1 = α(N1). Since N1 ✂ H,
we have N1 ✂ K. So, N1 ✂ G. Now, we consider (G/N1,H/N1,K/N1), we have K is
maximal in G. That is contradiction.
If N2 = 1, we have α(N1) ∩Oq(G) = 1. But G/Oq(G) is isomorpical to a subgroup
of Aut(Oq(G)), we have |G|q ≤ q
3. Hence α(Oq(G))Oq(G) ∈ Sylq(G). So, by the similar
reason of above case, we can get a contradiction.
So, we complete the proof.
Now, we will prove Theorem 1.5 as follows. First, recall that if G is a p-soluble
group, the p-length lp(G) is the number of factors of the lower p-series of G that are
p-groups(see [14, p.227]).
Theorem 2.7. Let G be a finite solvable group and G has isomorphic subgroup H and
K. Let H is maximal subgroup of G. If lp(G) ≤ 1, then K is also maximal.
Proof. Suppose that (G,H,K) is a counterexample. Since H is maximal in a solvable
group G, we can set |G : H| = pn for some prime p and positive integer n.
Case 1. Op(G) 6= 1. By [15, Theorem 3], we have Op(G) ≤ H. By [15, Lemma 2],
we have
Op(G) = Op(G) ∩H = Op(H), Op(G) ∩K = Op(K).
Since H ∼= K, we have Op(H) ∼= Op(K). Hence, Op(G) ≤ K. Now, we focus on
(G/Op(G),H/Op(G),K/Op(G)).
Since lp(G) ≤ 1, we have SOp′(G)✂G for some Sylow p-subgroup of G. We can see
that Op′(G) ≤ Op,p′(G), so
SOp,p′(G) = SOp′(G)Op,p′(G) ✂G.
Hence lp(G/Op(G)) ≤ 1. So, we can see that K/Op(G) is maximal in G/Op(G) because
(G,H,K) is a counterexample. Hence, K is maximal in G. That is a contradiction.
Case 2. Op(G) = 1. Since G is solvable, we have F (G) ≤ Op′(G) 6= 1. And
CG(Op′(G)) ≤ Op′(G).
6Now, we assert that Op′(G) ≤ H. If Op′(G)  H, thus Op′(G) ∩H  Op′(G). By
|HOp′(G)|
|H|
=
|Op′(G)|
|Op′(G) ∩H|
,
we have r||HOp′(G) : H| for some prime r which is not p. That is a contradiction to
|G : H| = pn.
Hence, Op′(G) ≤ H. Similarly, we have Op′(G) ≤ K because |G : K| = |G : H| = p
n.
First, we assert that Op′(G) is not a Hall p
′-subgroup of G. Else, H/Op′(G) ∼=
K/Op′(G). Then we can get a contradiction by induction.
Since lp(G) ≤ 1, for each S ∈ Sylp(G), we have T := SOp′(G) = Op′,p(G) ✂G. And
|G : H| = pn, we have T  H. Similarly, T  K. Now, we can see that
H ∩ T = H ∩ SOp′(G) = (H ∩ S)Op′(G)✂H.
Since S  H, thus NS(H ∩ S)  H ∩ S. So let x ∈ NS(H ∩ S)−H ∩ S, then
((H ∩ S)Op′(G))
x = (H ∩ S)xOp′(G) = (H ∩ S)Op′(G).
But x /∈ H and H is maximal in G. Hence, we have
(H ∩ S)Op′(G)✂G
because (H ∩ S)Op′(G) ✂H.
Let R ∈ Sylp(H), there exists t ∈ G such that R ≤ S
t. For St, we have StOp′(G) =
SOp′(G) ✂G. Then
(H ∩ St)Op′(G) ✂G
and H ∩ St ≥ R. So H ∩ St = R ∈ Sylp(H).
Now, we replace St by S. That means
(H ∩ S)Op′(G)✂G and H ∩ S ∈ Sylp(H).
Case 2.1. (K ∩ S)Op′(G) ≤ H. Then (K ∩ S)Op′(G) ≤ (H ∩ S)Op′(G). We know
that G = KSOp′(G) = HSOp′(G) and SOp′(G)✂G. So
K/((K ∩ S)Op′(G)) ∼= G/SOp′(G) ∼= H/((H ∩ S)Op′(G)).
Since K ∼= H, we have |(K ∩ S)Op′(G)| = |(H ∩ S)Op′(G)|. Then
(K ∩ S)Op′(G) = (H ∩ S)Op′(G).
Now, for (G/((H ∩ S)Op′(G)),K/((H ∩ S)Op′(G)),H/((H ∩ S)Op′(G))), we assert that
lp(G/((H ∩ S)Op′(G))) ≤ 1. Since
Op′(G/((H ∩ S)Op′(G))) · SOp′(G)/((H ∩ S)Op′(G))✂G/((H ∩ S)Op′(G)),
we have lp(G/((H ∩ S)Op′(G))) ≤ 1. So K/((H ∩ S)Op′(G)) is maximal in G/((H ∩
S)Op′(G)). Hence, K is maximal in G. That is a contradiction.
7Case 2.2. (Ku ∩ S)Op′(G)  H for each u ∈ G. Since H is maximal in G, we have
((Ku ∩ S)Op′(G))H = G. We assert that K
u(H ∩ S) = G. Since
|G| = |H(Ku ∩ S)| =
|H||Ku ∩ S|
|Ku ∩H ∩ S|
for each u ∈ G, we can choose u0 such that K
u0 ∩ S ∈ Sylp(K
u0). So
|H||Ku0 ∩ S|
|Ku0 ∩H ∩ S|
=
|Ku0 ||H ∩ S|
|Ku0 ∩H ∩ S|
= |Ku0(H ∩ S)|
because Ku0 ∼= H. Hence, Ku0(H ∩ S) = G.
Now, we replace Ku0 by K. That means K(H ∩ S) = G. Set V = (H ∩ S)Op′(G)
which is a normal subgroup of G. Set Y := H ∩K and α(Y ) = X where α : K → H
is an isomorphic map. First, we assert that Y is maximal in K. Since KV = G,
there exists an isomorphism φ : G/V → K/K ∩ V . And we can see that φ(H/V ) =
(H ∩K)/(K ∩ V ) = Y/(K ∩ V ). Since H/V is maximal in G/V , we have Y/(K ∩ V ) is
maximal in K/(K ∩ V ). Hence, Y is maximal in K, as wanted.
Then X is maximal in H. Since H ∩ S ∈ Sylp(H) and (H ∩ S)Op′(G)✂H, we have
lp(H) ≤ 1. By induction we have Y is also maximal in H.
Let K ≤ L  G. Then H ≥ L ∩H ≥ H ∩K = Y . If L ∩H = H, then H ≤ L. So
L = G. Hence, L ∩H = H ∩K. And
L = L ∩G = L ∩KV = K(L ∩ V ) = K(L ∩ ((H ∩ S)Op′(G))).
But L ∩ ((H ∩ S)Op′(G)) = (L ∩ (H ∩ S))Op′(G) = (K ∩ H ∩ S)Op′(G) ≤ K. Hence,
L ≤ K. That means K is maximal in G. That is a contradiction.
So, we complete the proof.
3 Notation of fusion systems, and proof of Theorem B
In this section we collect some known results that will be needed later. For the
background theory of fusion systems, we refer to [7, 9, 10].
Definition 3.1. A fusion system F over a finite p-group S is a category whose objects
are the subgroups of S, and whose morphism sets HomF (P,Q) satisfy the following two
conditions:
(a) HomS(P,Q) ⊆ HomF (P,Q) ⊆ Inj(P,Q) for all P,Q ≤ S.
(b) Every morphism in F factors as an isomorphism in F followed by an inclusion.
Definition 3.2. Let F be a fusion system over a p-group S.
• Two subgroups P,Q are F-conjugate if they are isomorphic as objects of the
category F . Let PF denote the set of all subgroups of S which are F-conjugate to
P . Since HomF (P,P ) ⊆ Inj(P,P ), we usually write HomF (P,P ) = AutF (P ) and
HomS(P,P ) = AutS(P ).
8• A subgroup P ≤ S is fully automised in F if AutS(P ) ∈ Sylp(AutF (P )).
• A subgroup P ≤ S is receptive in F if it has the following property: for each
Q ≤ S and each ϕ ∈ IsoF (Q,P ), if we set
Nϕ = {g ∈ NS(Q)|ϕ ◦ cg ◦ ϕ
−1 ∈ AutS(P )},
then there is ϕ ∈ HomF (Nϕ, S) such that ϕ|Q = ϕ. (where cg : x 7−→ g
−1xg for g ∈ S)
• A fusion system F over a p-group S is saturated if each subgroup of S is F-
conjugate to a subgroup which is fully automised and receptive.
Definition 3.3. Let F be a fusion system over a p-group S.
• A subgroup P ≤ S is fully normalized in F if |NS(P )| ≥ |NS(Q)| for all Q ∈ P
F .
• A subgroup P ≤ S is F-centric if CS(Q) = Z(Q) for Q ∈ P
F .
• Let Fc denote the full subcategory of F whose objects are F-centric,
• Let Ff denote the full subcategory of F whose objects are fully normalized in F .
• A subgroup P ≤ S is normal in F (denoted P E F) if for all Q,R ∈ S and all
ϕ ∈ HomF (Q,R), ϕ extends to a morphism ϕ ∈ HomF (QP,RP ) such that ϕ(P ) = P .
Moreover, Op(F) denotes the largest subgroup of S which is normal in F .
Definition 3.4. [7, I, Definition 6.1] Let F a saturated fusion system over a finite
p-group S. Let E be a subsystem of F over a subgroup T of S.
• Define E to be F-invariant if:
(I1) T is strongly closed in S with respect to F ;
(I2) For each P ≤ Q ≤ T , φ ∈ HomE (P,Q), and α ∈ HomF (Q,S), φ
α ∈ HomE(α(P ), T ).
If E is saturated, we call that
• A subsystem E ⊆ F is weakly normal in F (E✂˙F) if E is saturated and E is
F-invariant.
• A weakly normal subsystem E✂˙F is normal in F if:
(N1) Each φ ∈ AutE(T ) extends to φˆ ∈ AutF (TCS(T )) such that [φˆ, CS(T )] ≤ Z(T ).
We write E ✂ F to indicate that E is normal in F .
• F is simple if it contains no proper nontrivial normal fusion subsystem.
• Define Op(F) to be the minimal normal subsystem of F which has p-power index
in F (See [7, I, Theorem 7.4]).
• Define Op
′
(F) to be the minimal normal subsystem of F which has index prime to
p in F .
Now, we introduce constrained fusion systems. For the theory of constrained fusion
systems, we refer to [7, 8, 10]. And the definition of component of fusion system is due
to [3, 4].
Definition 3.5. [7, 8] A saturated fusion system F is constrained if F contains a
normal centric p-subgroup, i.e., Op(F) is centric.
Theorem 3.6. (Model theorem for constrained fusion systems [7, III, 5.10],[8]. Let F
be a constrained, saturated fusion system over a p-group S. Fix Q ∈ Fc such that Q✂F .
Then the following hold.
9(a) There is a model for F : a finite group G with S ∈ Sylp(G) such that Q ✂ G,
CG(Q) ≤ Q, and FS(G) = F .
(b) For any finite group G such that S ∈ Sylp(G) such that Q✂G, CG(Q) ≤ Q, and
AutG(Q) = AutF (Q), there is β ∈ Aut(S) such that β|Q = IdQ and FS(G) =
βF .
(c) The model G is unique in the following strong sense: if G1, G2 are two finite
groups such that S ∈ Sylp(Gi), Q✂Gi, FS(Gi) = F , and CGi(Q) ≤ Q, for i = 1, 2, then
there is an isomorphism ψ : G1 −→ G2 such that ψ|S = IdS . If ψ and ψ
′ are two such
isomorphisms, then ψ′ = ψ ◦ cz for some z ∈ Z(S).
Theorem 3.7. [3, Theorem 1] Let F be a constrained, saturated fusion system over a
finite p-group S, G a model of F and E ✂ F . Then there is a unique normal subgroup
of G which is a model of E.
Theorem B. Let G be a finite solvable group and G has isomorphic subgroup H and
K. Let H is maximal subgroup of G, we can set |G : H| = pn. Let p ≤ 3 and q = 5− p.
Let Q ∈ Sylq(H). If FQ(H)✂ FQ(G), then K is also maximal.
Proof. Suppose that (G,H,K) is a counterexample. Since H is maximal in a solvable
group G, we can set |G : H| = pn for some prime p and positive integer n.
Case 1. Op(G) 6= 1. By [15, Theorem 3], we have Op(G) ≤ H. By [15, Lemma 2],
we have
Op(G) = Op(G) ∩H = Op(H), Op(G) ∩K = Op(K).
Since H ∼= K, we have Op(H) ∼= Op(K). Hence, Op(G) ≤ K. Now, we focus on
(G/Op(G),H/Op(G),K/Op(G)), we can see that K/Op(G) is maximal in G/Op(G) be-
cause (G,H,K) is a counterexample. So K is maximal in G. That is a contradiction.
Case 2. Op(G) = 1. First, since G is solvable, we have Op′(G) 6= 1. AndOp′(G) ≤ H
because |G : H| = pn.
By [13, Theorem A], we can see that Oq′(G) = 1 because (G,H,K) is a counterexam-
ple. So F (G) = Oq(G) and Oq(G) 6= 1 because Op′(G) 6= 1. Since CG(Oq(G)) ≤ Oq(G),
it implies G is a model of fusion system FQ(G). Since FQ(H)✂FQ(G), thus there exists
a normal subgroup U of G such that
FQ(H) = FQ(U)
by [3, Theorem 1].
Since FQ(H) = FQ(U), we have
AutH(Oq(G)) = AutU (Oq(G)).
So for each h ∈ H, we have ch|Oq(G) = cu|Oq(G) for some u ∈ U . That means
hu−1 ∈ CG(Oq(G)) ≤ Oq(G) ≤ H ∩ U.
Hence, H = U ✂ G. Since G/H is a p-group, we have that |G/H| = p because H is
maximal in G. Hence, K is maximal in G. That is a contradiction.
So, we complete the proof.
10
Theorem 3.8. Let G be a finite solvable group and G has isomorphic subgroup H and
K. Let H is maximal subgroup of G, we can set |G : H| = pn. Let p ≤ 3 and q = 5− p.
Let Q ∈ Sylq(H). Set F := FQ(G). If O
q′(F) ≥ FQ(H) and O
q(F) = F , then K is
also maximal.
Proof. Suppose that (G,H,K) is a counterexample. Since H is maximal in a solvable
group G, we can set |G : H| = pn for some prime p and positive integer n.
Case 1. Op(G) 6= 1. By [15, Theorem 3], we have Op(G) ≤ H. By [15, Lemma 2],
we have
Op(G) = Op(G) ∩H = Op(H), Op(G) ∩K = Op(K).
Since H ∼= K, we have Op(H) ∼= Op(K). Hence, Op(G) ≤ K. Now, we focus on
(G/Op(G),H/Op(G),K/Op(G)), we can see that K/Op(G) is maximal in G/Op(G) be-
cause (G,H,K) is a counterexample. So K is maximal in G. That is a contradiction.
Case 2. Op(G) = 1. Since G is solvable, we have F (G) = Oq(G) = Op′(G) 6= 1. And
CG(Oq(G)) ≤ Oq(G). So G is a model of fusion system FQ(G). Since O
q′(F) ✂ FQ(G)
and Oq(F)✂ FQ(G), thus there exist normal subgroup U of G such that
Oq
′
(F) = FQ(U)
by [3, Theorem 1].
We have Op′(G) ≤ H because |G : H| = p
n. Similarly, we have Op′(G) ≤ K because
|G : K| = |G : H| = pn.
Since FQ(U) = O
q′(F) ≥ FQ(H), we have
AutU (Oq(G)) ≥ AutH(Oq(G)).
So for each h ∈ H, we have cu|Oq(G) = ch|Oq(G) for some u ∈ U . That means
hu−1 ∈ CG(Oq(G)) ≤ Oq(G) ≤ Q ≤ U.
Hence, H ≤ U. Since H is maximal in G, we have U = H or U = G. If H = U ✂G, we
have K is also maximal in G by above theorem. That is a contradiction. So, we have
U = G. That means F = Oq
′
(F).
Since Oq(F) = F , we have F is not Puig-solvable. But G is a model of F and G
is solvable, we can see that F is Puig-solvable by [7, Part II, Theorem 12.4]. That is a
contradiction.
So, we complete the proof.
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